We present a formalism to determine the three-dimensional ͑3D͒ distribution of the spin-polarized current and electrochemical potential inside arbitrary nanostructures such as magnetic/nonmagnetic layered pillars, etc. The model is based on dividing the nanostructure into a 3D electric circuit of spin-dependent-resistor elements, inside each of which the propagation is treated as a one-dimensional problem. The solutions presented here are calculated in the diffusive transport regime for the parallel/antiparallel magnetic states.
I. INTRODUCTION
Spin injection, transport, and detection are key factors in the field of magnetoelectronics. In particular, magnetization reversal using spin-polarized currents is of great interest [1] [2] [3] [4] [5] [6] [7] due to its potential technological applications such as magnetoresistive random access memory ͑MRAM͒, 8 spin transistor, 9 or spin battery. 10 To understand and optimize the spin-transport behavior in such devices, it is important to know the current distribution inside them. Particularly for MRAM applications, we have to know the magnitude and distribution of the spinpolarized current to optimize the current density necessary for the spin-injection-induced magnetization reversal. A variety of formalisms to calculate the one-dimensional ͑1D͒ magnetoelectronic transport even for noncollinear magnetizations have been proposed. [11] [12] [13] [14] [15] However, up to now, the spatial three-dimensional ͑3D͒ calculations of the spin-polarized current have been missing. To obtain the spatial distribution of the spin-polarized current and spin accumulation in a given structure, we express such a structure as a 3D circuit of spin-dependent-resistor elements ͑SDREs͒, wherein the propagation is regarded as a 1D problem. 11, 16 The resistor circuit network has been already used in Ref. 17 to simulate current lines in metal/insulator multilayers. However, in this case, they did not include spinpolarized current. Ichimura et al. 18 have calculated the twodimensional ͑2D͒ distribution of the spin-polarized current for Co/ Al lateral spin-valve structures. They did not use the electric circuit, but directly solved Poisson's equation by means of the finite element method.
This article is organized as follows. Sections II and II A present a matrix approach using a 1D diffusive model to calculate the distribution of the spin-polarized current and electrochemical potential in a single SDRE. Section II B shows how this formalism can be applied to a simple multilayer structure. This approach is just a compact matrix formalism equivalent to the 1D Valet-Fert ͑VF͒ model.
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Section III explains how to solve the general electric circuit. Finally, Sec. IV tells how to divide a nanostructure into the SDREs circuit to determine the 3D distribution of the spinpolarized current and electrochemical potential.
II. DIFFUSIVE TRANSPORT REGIME
In the diffusive transport regime, the equations used in deriving the spatial distribution of the electrochemical potential ↑/↓ and the spin-polarized current density j ↑/↓ inside ferro or nonmagnetic metals are 11, 16, 19, 20 
where is the spin-flip diffusion length, ↑/↓ = ͑1±␤͒ / 2 the conductivities for the up and down channels, respectively, and e is the electron charge, assumed to be e = 1 in this article. SDREs consist of layers and interfaces ͑Fig. 1͒. We first express the response of a single homogeneous layer. When Eqs. ͑1͒ and ͑2͒ are solved in 1D, the profiles of ↑ and ↓ ͑hereafter denoted as ↑/↓ ͒ along the x axis inside a given material are given by
where j ch = j ↑ + j ↓ is the charge current density. The positive current direction is towards the positive x direction. The energies c͑x͒ and d͑x͒ are the amplitudes of an exponential damping of ↑/↓ and the energy ͑x͒ is the asymptotic electrochemical potential equivalent to the weighted average of electrochemical potentials = ͑ ↑ ↑ + ↓ ↓ ͒ / . The values of energies , c, and d are determined from the boundary conditions. The relation between ↑/↓ and j ↑/↓ and , c, and d inside a layer with a cross-section area S is expressed in a compact matrix form,
where J ↑/↓ = Sj ↑/↓ are the up/down spin-polarized currents and J ch = J ↑ + J ↓ is the charge current. The scaling factor u, which has no physical meaning, is introduced to adjust the units of the defined H and F vectors. In numerical calculations the value of u adjusts the order of ↑/↓ and uJ ↑/↓ . When expressing any measurable quantities ͑e.g., ↑/↓ , J ↑/↓ , and resistances͒, they obviously do not depend on u. The left side of Eq. ͑4͒ ͑H vector͒ contains variables that are conserved across the electric nodes and nonspin-relaxing interfaces with zero interface resistance. On the other hand, the right side of Eq. ͑4͒ ͑F vector͒ contains variables that are used to calculate the propagation of the J ↑/↓ and ↑/↓ through the layers ͓Eq. ͑3͔͒. Hence, the dynamic D matrix relates the coefficients at the boundary to coefficients for propagation. This approach is well known in the field of the optics of anisotropic media. 21, 22 The propagation of the F vector through a layer with thickness ͑"length"͒ L is expressed by a propagation P matrix ͓Eq. ͑3͔͒,
Hence, the relation between H = ͓ ↑ , ↓ , uJ ↑ , uJ ↓ ͔ at both sides of the layer is expressed as
A. Interface resistivity and shunting interface resistance
In Sec. II, we have expressed the response of a single layer in a homogeneous material. Here, we describe the interfacial properties including ͑i͒ interface resistance 11 AR ↑/↓ =2AR Ã ͑1 ϯ ␥͒ and ͑ii͒ the interfacial spin-flip scattering, described by a shunting resistance AR s , "shortcutting" up and down channels at the interface. The response of an interface can be expressed by the K int matrix,
where x ϯ dx denotes for the H vector just below/above the interface and K int writes 
B. Simple multilayer structure
Although the formalism developed here is used mainly to calculate ↑/↓ and j ↑/↓ inside an electrical circuit, we shall first show how the presented 4 ϫ 4 matrix algebra can be used to calculate the electrical response of a multilayer structure ͓Fig. 1͑c͔͒.
The description of a single layer by the K matrix in Eq. ͑6͒ gives a relationship between ↑/↓ and J ↑/↓ at both sides of the layer. Hereafter, instead of continuity relation of the spinpolarized current density j ↑/↓ over interface, we consider continuity of the spin-polarized current J ↑/↓ , to take into account variable cross-sectional area S of layers. Obviously, when all layers have the same S, our formalism provides results similar to those of the original VF formalism.
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The boundary conditions at interfaces are continuity of ↑/↓ and J ↑/↓ , i.e., continuity of the H vector. Consequently, the response of the whole multilayer structure can be written as 21, 22 
where
͑10͒
where the upper index in the parenthesis denotes the interface or layer number, and M is the number of layers. Because materials ͑0͒ and ͑M +1͒ are semi-infinite, ↑/↓ inside them must not increase exponentially. Hence, some exponential terms in Eq. ͑3͒ must vanish, namely, c ͑0͒ ϵ 0 and d ͑M+1͒ ϵ 0. Therefore, the vectors F ͑0͒ and F ͑M+1͒ are limited to the form
Now, Eq. ͑9͒ can be solved. Substituting Eq. ͑11͒ into Eq. ͑9͒, we find all unknowns in
where M ij are the elements of the M matrix. The value of ͑0͒ is arbitrary, as it only adds a constant to the profiles of ↑/↓ . Other simplifications of Eq. ͑12͒ follows when considering J ch = 0. In this case, the terms ↑/↓ , must be constant and equal to each other. Furthermore, c ͑M+1͒ must be zero. Therefore, M 11 ϵ 1 and M 21 ϵ 0 and solution of Eq. ͑12͒
Now, ͑M+1͒ and c ͑M+1͒ are known and hence we know also the F ͑M+1͒ in Eq. ͑11͒. Consequently, the profiles of ↑/↓ , , J ↑/↓ , etc., in the multilayer structure can be determined by recursive applying step-by-step matrix multiplications in Eq. ͑10͒.
Finally, the resistivity of the multilayer structure ͑be-tween the first and the last interface͒ is R = ͑ ͑M+1͒ − ͑0͒ ͒ / J ch .
III. ELECTRIC CIRCUIT
As demonstrated in Sec. II B, the M matrix ͓defined by Eq. ͑9͔͒ can characterize the entire multilayer structure where the same charge current J ch flows across all layers. In this section, we extend the previous formalism to an electrical circuit ͑network͒ of SDREs, mutually connected at the nodes. In general, SDRE is composed of any sequence of materials ͑layers͒ and/or interfaces, as depicted on Fig. 1 . There are three types of SDRE, depending on whether the length of the SDRE is finite or infinite:
• Close-side SDRE ͓Fig. 1͑a͔͒ has finite length and both sides of a SDRE are attached to the nodes. The boundary condition at nodes are described by the H vectors. Therefore, the response of whole close-side SDRE is described by the K ͓b͔ matrix relating the H vectors at both sides of SDRE,
where b denotes a number of SDRE in the circuit and M b is the number of layers in bth SDRE. Hereafter, indices in the square brackets denote the SDRE number, whereas indices in the ordinary parentheses denote the number of layers inside the SDRE. Positive current direction is from layer ͑1͒ to layer ͑M b ͒. Analogous to Eq. ͑10͒, K ͓b͔ consists of layer and interface contributions,
When a SDRE consists of a single layer, then ͓Eq. ͑6͔͒
• Open-side SDRE ͓Fig. 1͑b͔͒ has one side terminated by a layer of finite thickness which is connected to the node. The second side of the SDRE consists of infinitely thick layer and at its end the charge current J ch ͓b͔͑0͒ is applied. Boundary conditions on a node are described by the H vector and boundary conditions for propagation into infinity by the F vector. Therefore, the bth open-side SDRE is described by the Z ͓b͔ matrix as 064301-3
where we have used the convention that the direction of a SDRE and positive current direction goes from the "infinite" side of SDRE toward its "finite" side ͓Fig. 1͑b͔͒. Analogous to Eqs. ͑10͒ and ͑15͒, the Z ͓b͔ matrix writes
͑18͒
When an open-side SDRE consists of only a single material, then Z ͓b͔ = ͓D ͓b͔ ͔ −1 .
• The multilayer structure ͓Fig. 1͑c͔͒ described in Sec.
II B may be understood as a special type of SDRE, having both sides open sided.
In general, the electric circuit is assumed to have N nodes, C close-side SDREs, and E open-side SDREs.
The boundary conditions for each node are determined by generalized Kirchoff's laws:
i.e., the values of ↑/↓ has to be identical for SDREs that are connected at each node and sum of polarized currents J ↑/↓ entering each node has to be zero. The subscript n denotes the node number, n =1¯N and b n =1, ... ,B n denotes the SDREs connected to the nth node. Hereafter, we use the two notations: ͑i͒ n,↑/↓ relating ↑/↓ at the nth node and ͑ii͒ ↑/↓ ͓b͔͑0͒ and ↑/↓ ͓b͔͑M b ͒ denoting ↑/↓ at the "starting" and "ending" side of the bth SDRE, respectively. The relation between these two notations is given by connections between nodes and SDREs, i.e., by the topology of the electric circuit.
Following the previous discussion, the problem is how to treat large number of linear equations ͑14͒, ͑17͒, ͑19͒, and ͑20͒ relating ↑/↓ and J ↑/↓ on the nodes and between sides of SDREs. We do it by solving one large matrix equation,
to which we apply all the previously mentioned rules. These contributions are studied in detail in the following paragraphs, denoted as ͑ad 1͒, ͑ad 2͒, and ͑ad 3͒. In total, the Q matrix has 2͑C + E + N͒ rows, the same as the length of the H vector. Therefore Q is a square matrix.
An example of a circuit of SDREs is depicted in Fig. 2 
where n ϵ͓ n,↑ , n,↓ ͔ T and 1 and 0 inside the Q matrix denote the 2 ϫ 2 unitary and zero matrix, respectively. Each row of the Q matrix in Eq. ͑22͒ represents two rows ͑for up and down channels͒, so hereafter we call it a "double row."
͑ad 1͒ The role of the first part in the Q matrix is to relate both sides of each open-side SDRE described by Eq. ͑17͒,
However, we only know two variables out of four in the vector
We know the charge current J ch ͓b͔͑0͒ entering the bth SDRE and that c ͓b͔͑0͒ = 0, because ↑/↓ must not be exponentially increasing towards infinity ͓Eq. ͑11͔͒. Hence, taking from the Z ͓b͔ matrix ͓Eq. ͑17͔͒ only the second and fourth rows corresponding to the known values in F ͓b͔͑0͒ , we get
͑23͒
This equation is substituted into the first part of the Q matrix ͓Eq. ͑22͔͒ in the form
In the case of the last open-side SDRE connected to the structure ͑in our example SDRE number bЈ =5͒, the situation is slightly different. In the vector F ͓bЈ͔͑0͒ = ͓ ͓bЈ͔͑0͒ , c ͓bЈ͔͑0͒ ,
, uJ ch ͓bЈ͔͑0͒ ͔ T ͑a͒ we have to set an arbitrary value of ͓bЈ͔͑0͒ , which sets an absolute value of all ↑/↓ and inside the circuit. ͑b͒ Getting a charge current J ch ͓bЈ͔͑0͒ would be redundant as the sum of all charge currents entering the circuit has to be zero. Hence, the last double row in the first part of the Q matrix ͓second double row in Eq. ͑22͔͒ looks like
͑24͒
and is substituted into the Q matrix in an analogous way as Eq. ͑23͒. ͑ad 2͒ The second part in the Q matrix relates ↑/↓ ͓b͔͑0͒ at starting side of the bth close-side SDRE and ↑/↓ ͓b͔͑M b ͒ and J ↑/↓ ͓b͔͑M b ͒ at ending side of the bth SDRE. This relation is given by the first double row taken from Eq. ͑16͒. It is substituted into Q in the form 0 = −
The last part in the Q matrix describes the current conservation at each node, as described by Kirchoff's law ͓Eq. ͑20͔͒. As specified, the H vector contains values of the currents at the sides of each SDRE, J ↑/↓ ͓b͔͑M b ͒ . Hence, if the bth SDRE starts at the nth node ͑as SDRE number 2 and 4 starting at the node 1͒, then the current is expressed by the second double row in Eq. ͑16͒ as uJ
which is substituted into the sixth double row of the Q matrix as −J
Although the construction of the Q matrix as presented here may be tedious, it is rather direct to establish its construction numerically. When the equation Q · H = F is solved, the values of ↑/↓ and J ↑/↓ for each SDRE are directly written in the H vector. Their profiles can be determined by step-bystep multiplication using Eqs. ͑14͒, ͑15͒, ͑17͒, and ͑18͒.
IV. NANOSTRUCTURE AS A 3D CIRCUIT OF SDRES
In Sec. III we have derived the formalism to calculate J ↑/↓ and ↑/↓ in arbitrary electric circuits. In this section we explain how currents and electrochemical potential inside nanostructures can be described by a 3D circuit of SDREs. The circuit is constructed as follows ͓Figs. 3͑a͒ and 3͑b͔͒:
• Each part of the nanostructure is divided into 3D cubic mesh elements ͓Fig. 3͑a͔͒. The corners of the mesh elements have the coordinates x i , y j , and z k . The mesh does not need to be equally spaced, but just cubic.
• The nodes are located in the center of each mesh element. That is, the nodes have coordinates ͑x i + x i+1 ͒ /2, ͑y j + y j+1 ͒ / 2, and ͑z k + z k+1 ͒ /2. • The nodes are interconnected by SDREs in all x, y, and z directions. For example, a SDRE in the z direction has a cross-sectional area S ij = ͑x i+1 − x i ͒͑y j+1 − y j ͒, which is identical to the cross-sectional area of the mesh element in the z direction, inside which a SDRE is located. The length of a SDRE is L k = ͑z k+2 − z k ͒ /2. It is equivalent to the distance between nodes, to which a SDRE is connected. • The interface between two different materials, e.g., between A and B ͓Fig. 3͑b͔͒, is described by the K A→B matrix consisting of three contributions, K A→B = K A→int K int K int→B ͓Eq. ͑15͔͒. The K A→int is the contribution of the SDRE connecting a node inside material A and the interface. This SDRE has length L int,A = z int − z int−1 , where z int is a z coordinate of the interface ͑here we assume an interface in the xy plane͒. The K int is the interface resistivity matrix given by Eq. ͑8͒. The K int→B is the contribution of the SDRE connecting the interface and the node in material B. Here, the SDRE has length L int,B = z int+1 − z int .
A. normalization
The electrical circuit as described above correctly treats the charge current. However, inside such a 2D ͑3D͒ circuit, the effective volume of all SDREs are two ͑three͒ times larger than the volume of the original nanostructure. In such a case, the spin-polarized current would have a larger damping, as it diffuses into a larger volume. To correct this, it is necessary to calculate the 1D propagation of ↑/↓ in each SDRE by a slightly modified Eq. ͑1͒
where f is the dimension of the SDRE circuit. In other words, when a given nanostructure is described by 2D ͑3D͒ electrical circuit, the should be increased by a factor of ͱ 2͑ ͱ 3͒. The normalization should not be applied for openside SDREs, as their contribution is correctly described by f =1. The influence of the normalization on the profile of the spin-polarized current density j sp = j ↑ − j ↓ through a ͑Cu/ Co͒ 2 pillar, which has constant cross-sectional area over all layers, is presented in Fig. 4 . The structure is described and studied in detail in Ref. 25 . Due to the constant cross-sectional area of all layers, the profile of j sp should be identical for all 1D, 2D, and 3D calculations. The 1D VF model is denoted by the solid line. We can see that without normalization, the deviations between 1D and 2D ͑dashed line͒ and 3D ͑dashed-dotted line͒ models are 15% and 30%, respectively. However, when normalization is used, the deviation between 1D and 2D ͑circle͒ and 3D ͑cross͒ is about 1%. It confirms that our SDRE treatment, combined with normalization provides reliable results.
Furthermore, the 2D ͑3D͒ calculations of spin accumulation ⌬ = ↑ − ↓ without normalization leads to 15% ͑30%͒ smaller ⌬ compared with 1D calculations. Using normalization reduces the deviation to about 1%.
The presented formalism has been useful to calculate the 3D distributions of charge and spin-polarized currents in Py/ Cu lateral spin-valve structures 26 and in Co/ Cu pillars.
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B. Surface scattering
In this section, we describe how to incorporate surface scattering in the presented formalism. Surface scattering can be described by a shunting resistance R s shortcutting up and down channels in a node situated close to the wire surface. R s at the nth node writes R s,n = AR s / S n , AR s being the surface scattering resistivity and S n being the surface area corresponding to the nth node. When surface scattering is absent, then obviously R s,n = ϱ. To incorporate this modification into the Q matrix for the nth node, we add a G s matrix,
͑27͒
on the nth double column and nth double row in the last part of the Q matrix, which describes the current conservation in each node. In our example, given by Eq. ͑22͒ and Fig. 2 , to add R s to node n =2, we add G s to the seventh double row and second double column into the Q matrix.
V. CONCLUSION
We have developed the formalism to calculate the 3D spatial distribution of the spin-polarized current and electrochemical potential ↑/↓ and j ↑/↓ inside an arbitrary nanostructure such as a layered magnetic nanopillar, etc. The formalism is based on dividing the nanostructure into SDREs, FIG. 4 . The spin-polarized current density j sp through a ͑Cu/ Co͒ 2 pillar structure having constant cross-sectional area S. The j sp is calculated by VF 1D model ͑Ref. 11͒ ͑solid line͒ as well as by our 2D and 3D models with ͑circle and cross͒ and without ͑dashed line and dashed-dotted line͒ normalization.
inside each of which the propagation of currents and electrochemical potential are calculated by the 1D model. When the nanostructure is divided into SDREs, as described in Sec. IV, the normalization of spin-flip length has to be taken into account. Our formalism treats the diffusive transport regime with parallel/antiparallel magnetic alignment. We believe that the above treatment also can be extended for the case of noncollinear magnetization alignment. [13] [14] [15] We have already used the presented formalism to calculate the 3D current distribution in the lateral Py/ Cu spinvalve structure 26 and Co/ Cu pillar structure. 
